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1.  Introduction 


/ 


\)d- 


r'b-' 


'''>  ■  i 

Let  M  be  a  two-parameter  continuous  martingale  bounded  in  Lf  and  null  on  the  axes.  The  positive 

L  hs-s  *■' 

submartingale  M*  has  thc-following  Doob-Meyer  decomposition  , 

) 

MSt=2  j  Mz dMz  +2Mst +<Ms.>t  +<M >s -[M ]ff  , 

Rn 

(cf.  [2],  [3],  [8]),  where  Ra  denotes  the-rectangle  [0^]x[0,/] ;  <MS.>,  (resp.  <M.t  >s)  is  the  qua¬ 
dratic  variation  of  the  one-parameter  martingale  { Mst ,  t  £0 }  (resp.  ( Ma ,  s  SO),  and  M  is  a  martingale 
obtained  in  the  following  way:  For  each  z  6  R^,  consider  an  increasing  sequence  of  grids,  { p" ,  n  >  1 } , 
of  T  —Rz  whose  mesh  tends  to  zero,  then  Mz  is  the  L 1 -limit  of  the  sequence 


£(„)[M  )-M  ( si  ,tj  )][M  (Si  (Si  ,tj )]  . 

certs-  >. 


The  purpose  of  this  paper  is  to  relate  the  measures  induced  by  the  quadratic  variations 

e  ’'absolute  c 
sible:  C ' 


—  t,  '  ~ . " 

[M]rt  ,  [M\a  ,  <Ms  >t  and  <M.t  >s ,  in  terms  of  the  ’'absolute  continuity^  property.  Since  we  are 


dealing  with  random  measures,  different  definitions  are  possible: 


yvrjrv* 


* rJh- 


;  'j-  j  J1*  j 


■  -r>  5-*-^  ‘j  'yA'l 


Definition  1.1.  Given  two  random  finite  measures  p,V  defined  on  some  measurable  space  (S  ,L),  p  is  said 
to  be  absolutely  continuous  with  respect  to  V,  a.s.  (and  we  will  write  p«V,  a.s.)  if,  for  any 
w  #/ ,  P  (N  )=0,  the  following  property  holds: 

If  A  e  L  is  such  that  v(w  )(A  )=0,  then  also  p(w  )(A  )=0. 


r,. 


Definition  1.2.  Let  p  and  V  be  as  in  the  preceding  definition,  p  is  said  to  be  weakly  absolutely  continuous 
with  respect  to  V  if,  for  any  A  6  £  ,  P  { w ,  V(w'  )(A  )=0  ,  p(w  )(A  )*0}=0. 

Comparing  these  two  definitions,  we  easily  realize  that  the  first  one  requires  a  stronger  property,  but 
it  seems  to  be  the  more  "natural"  in  view  of  applications,  and  will  be  mainly  considered  along  the  paper. 

The  contents  of  the  paper  are  roughly  as  follows.  Section  2  is  devoted  to  preliminaries  on  two- 
parameter  processes.  In  particular  we  introduce  the  measure  [M  ]  *  [M  ]  which  gives  an  exact  meaning  to 
the  expression  j  [M]gd^M]dgx  (this  turns  out  to  be  a  special  case  of  generalized  exterior  products 

introduced  by  Wong  and  Zakai  in  [14]).  The  measure  [M\  can  also  be  viewed  as  an  exterior  product  of 
this  type  and  a  probabilistic  proof  of  this  fact  is  given  in  Proposition  2.3.  Section  3  relates  the  measures 


induced  by  M  on  vertical  or  horizontal  lines.  It  is  shown  that  in  general  [M]^  <M.,  >&.  We 

have  not  been  able  to  prove  that  in  general  [ M  t »  <M.j  >(ls ;  we  believe  it  is  true  and  give  partial 
results  in  this  direction.  In  section  4  we  compare  the  random  measures  and  [M]  *  [M],  It  is 

pointed  out  that  in  general  [A/]^C  [M],  [A/]<fc  [A/]  *  [M ],  [A/]<fe  [A/].  Absolute  continuity  results 
are  derived  in  this  section  under  additional  conditions.  We  do  not  know  if  [M]«[Af  ]  *  [ M  ]  holds  in 
general,  we  conjecture  that  it  holds  and  derive  partial  results  in  this  direction. 

In  section  5  we  apply  the  results  of  the  previous  section  to  the  problem  of  local  time  for  two  parame¬ 
ter  martingales.  In  fact,  one  of  the  motivations  of  our  problem  has  been  the  study  of  local  time  for  two- 
parameter  continuous  martingales.  In  the  one-parameter  case  the  local  time  of  martingales,  L  ( x  ,t ),  (and 
more  general,  for  semimartingales  X )  is  defined  by  an  extended  version  of  Ito’s  formula  for  convex  func¬ 
tions.  It  is  a  local  time  with  respect  to  the  quadratic  variation  <X  >,  in  the  sense  that,  for  every 
/ :  R— »R  bounded  and  Borel  it  satisfies  the  "density  of  occupation”  formula 

t 

ff(x)L(x,t)dx  =  ff  (Xs)d<X>s  ,  a.s. 

R  o 

In  the  two-parameter  case  this  method  leads  to  a  local  time  with  respect  to  [M]  (see  [9]).  The  result 
seems  to  be  rather  surprising,  since  in  comparison  with  the  one-parameter  case  we  expect  that  the  measure 
[M  ]  should  play  a  role.  It  follows  from  the  results  of  the  previous  sections  that  [M  ]  alone  or  [A/]  alone 
are  not  sufficient  to  carry  the  local  time  and,  therefore,  a  measure  like  [M  ]+[Af)  may  be  more  suitable  for 
this  purpose. 

2.  Preliminaries  and  Notation. 

The  parameter  space  is  T  =[0,1  ]2  endowed  with  the  partial  ordering  (s  j,f  j)^(J2»^2)  “d  only  if 
St£s  2,  t\&2’  (Ji»/t)<($2>*2)meansJl<J2andrl<r2-  If/  is  a  map  from  T  to  R,  the  increment 
of  /  on  a  rectangle  (Zj,^] =  [zcT,  Zj<z^Z2)»  Zj=($j,fj),  Z2=(s2,t2)  *s 
/  ((Z  x*d)  =  /  (z2)-/  (s  ht2)-f  {S2,t  1 )+/  (Z  i). 

Let  p  be  a  grid  of  T  given  by 

p={(*i,/>)€7\  t'=0 . p,  7=0,  0=so<s i<  •  ‘ '  <sp<i,  0=tQ<t j<  •  •  •  <r?<l}. 

For  any  (j;  ,tj  )6  p  we  define 
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Aij—(Si ,si+i)x(tj ,Si +i]x(0,fy ],  =(0,^  ]x(tj ,/y+j], 

with  the  convention  Sp+l  =  f?+1  =  1. 

Let  (Cl,7,P )  be  a  complete  probability  space,  and  (7z)zer  an  increasing  family  of  sub  O-fields 
of  7  satisfying  the  usual  conditions  (FI)  to  (F4)  of  [2].  We  recall  that  if  M={M2,  zeT)  is  a  real 
valued  integrable  and  7  z  -adapted  process,  M  is  a  martingale  if  for  any  z<a.\  E  [Mz- 1  7  z  ]-M2 .  M  is 
a  strong  martingale  if  M  vanishes  on  the  axes,  and  E  [M ((z  ,z'\)  \  7 7 \t  )=0,  for  each 
Z<2\  Z=(S,t). 

Let  mp  be  the  class  of  two-parameter  continuous  martingales  bounded  in  Lp  and  null  on  the  axes. 
Denote  by  M and  Ms.  the  one-parameter  martingales  (Mst,  7S\,  and  [Mst,  7\t,  f^O) 

respectively.  If  Me mc ,  M  is  said  to  be  of  path  independent  variation  if 
<Mt  >s  =  <MS>,  =  [M]a  (cf.  [2],  [13]).  Here,  and  throughout  the  paper,  <X  >  will  denote  the 
quadratic  variation  of  a  one-parameter  martingale  X ,  while  [y  ]  will  refer  to  the  quadratic  variation  of  a 
two-parameter  martingale  y . 

2 

The  class  of  strong  martingales  on  mc  is  strictly  included  in  the  class  of  path  independent  variation 
martingales  (see  [7]). 

All  constants  will  be  denoted  by  C ,  although  they  may  change  from  one  expression  to  another. 

In  order  to  state  the  results  of  this  section  we  consider  an  increasing  sequence  of  grids  { pn ,  n  5 1 } 
of  T  whose  norm  tends  to  zero,  and  for  any  zeT  we  define 
/"=  [{i,j)ebl2  I  (s,,tj)e p",  (sittj)<z }. 

Lemma  2.1.-  Let  F :  R+— »R  be  a  continuous  distribution  function.  Then  lim  £  F (A }j)F  (Ajj) 

n->~(i.j)e /; 

exists  and  defines  a  continuous  and  increasing  function  F  *  F  (see  Lemma  2.6  of  [9]). 


Proof.  Consider  the  following  decomposition: 


▼ 


T 
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[F  (z)]2  = 


I  F(Aij) 


=  I  2[F  (s,  ,r,  )F  (A(;  )+F  (A1;  )F  (A* )+F  (Ai;  )F  (A,2)+F  (A,‘)F  (A  2)+  i-F  (AI;  )2]  . 

L 

Let  n  — then  by  the  continuity  of  F  we  obtain 

£  F(Ai.)F(Ai;)^tfp(F(ji+1>f)-F(J,,f))F(z)  ->  0  , 

1  n~*~ 

and  analogously  F  ( A(- .•  )F  ( A  ^  )  — ►  0. 

On  the  other  hand  £  F  (A;,  )2  5  sup  F  (A,-.  )F(z)  — >  0.  Therefore, 

lim  £  F(AiJ)F(A?)  =  |F(z)2-fF(a)F(da)  . 

™07)€/.'  2  #, 

This  limit  defmes  a  continuous  function  F  *F .  It  is  obvious  that  for  any  rectangle  A  with  sides 
parallel  to  the  axes,  (F  *  F  )(A)>0.  j__j 

If  F  and  G  are  two  continuous  distribution  functions  on  R  2 ,  F  *  G  can  be  defined  by  polariza¬ 
tion. 

Given  Af  e  mc  ,  there  exist  a  continuous  and  increasing  process  { [A/  ]z ,  z  €  T  }  such  that 

lim  sup  E  { I  £  M(Aij)2-[M  ]z  I }  =0  . 
n~*~  1 

(See  [2],  [8]).  Therefore,  by  Lemma  2.1  we  can  associate  to  M  a  continuous  measure  [M]*[M],  In 
Section  4  we  will  compare  this  measure  with  the  quadratic  variations  associated  with  M . 

Lemma  2.2.  Let  {A//;  f1 ,  i=0, . . .  ,m,  re  [0,1]}  be  a  collection  of  one  parameter  martingales, 
bounded  in  Lp ,  for  some  p  £2,  such  that  Af,°=0,  for  any  i  =0 . m .  Suppose  that  t  —*Mf  is  as.  con¬ 

tinuous  for  every  i  =0,  . . . ,  m .  Then  there  exists  a  constant  Cp  such  tha' 
m  "  Pl2  m 

£  sup  I  A// 1 2  <,CpE  \  £(Af(l)2lp/2  . 


i=0 


i  m  m 

Furthermore  if  £ Mj  is  a  martingale  sequence  in  i  then  E  I  £ (Af,1)2 1 p a  S  Cp  E  1  £A/;  \p . 
>= 0 


i=0 


1=0 


JL 


I 


Proof.  Let  {.A, ,  t  e  [0, 1] }  be  the  continuous,  increasing  and  j‘  -adapted  process  defined  by 


A,  =  T.  sup  I  M?  1 2  . 

i=0 

The  potential  Z,  associated  with  A,  is  computed  as  follows: 
Z,  =E[Al-At  \j‘] 


-i 


X  [  sup  I  M,T  1 2-  sup  I  M.T  1 2]  /  j' 

,_0  ostsi  0 ir<t 

m 

V  I  lif  X  |  2  /  rrf  1 


££[X  rup  \MC\LIJl]  . 


By  Doob’s  maximal  inequality  applied  to  the  martingales  ,  is  [f  ,1] }, 

Fe ,  i=0,  ,  .  .  ,m,  (1)  is  bounded  by  m,=C„  £[X  IM,1 12  /  J*],  where  [mt  ;  Jf,  re  [0,1] } 


is  a  martingale.  By  Garsia-Neveu’s  inequality 


E  (A  {f'2<Cp  E  (m  {f,2=Cp  £  [  X  i  Mi1  i  2]p'2  .  (2) 

i= 0 

which  is  the  first  result  of  the  lemma.  Burkholder’s  inequality  applied  to  the  one-parameter  discrete  mar¬ 
tingale  £Mj\ yields  the  second  pan  of  the  lemma. 

7=1  □ 

Note  that  the  first  pan  of  this  lemma  is  a  slight  generalization  of  the  Doob  maximal  inequality  for  one- 

parameter  vector  valued  martingales. 

Proposition  2J.  Let  Me  m/.  The  following  convergence  holds: 

lim£{  I  X  [M (A,* )2M (A,2 )2-( <MS. >t  -<MSi . )«M >Su-<M >s. )] } 

=  0.  for  any  :eT. 

Proof.  To  simplify  the  notations  we  taker  =(1,1).  Let 

mZn,  p n=[(si,tj)eT,  i=<),...,pn,  j=0,...,qn},  p"={(oi.,x j’)eT,  i'= 0 . pn,  j'= 0, . 

For  every  i=0, . . .  ,pn  (resp.  j=Q, ...  ,qn)  define  /,=(/',  are  [5,4l+i))  (resp. 

Given  points  u '=(0, >,tj ),  u"=(ji,Ty)  we  denote  by 
A,1-/=(CV,<V+i]x(0,r7  ].  and  A  2 -=(0,5,  ]x(t;.,x/+1].  Then 
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E  { IS[A/(Ai;)2A/(A,5)2-«M,i.>^  1-<A/V>/.)«M,.>^1-<M,. >,,)](} 

=  E{  \JXM  (A,}  )2M  (A  lj)2-  Um  (  £  M  (A^)2)(  2  M  (A2y  )2)]  I }  n. 

I,;  m~toa  j'eJj  i 'e /,  W 

^  SUP  £  {  I  IK  I  W(A,1V))2(  I  M (A;y'))2-(  I  M(A/)02)(  I  MCA,1-.)2)]  I }  . 

m2n  1 •/  <'6/,  J’eJj  j'eJj  re/, 

For  any  »  'e/,,  -j  's/;  ,  C, <>,$,•,  we  define  A,^  =  ($,■  ,a(']x(0,/j ],  and 

A*]' =  (0,Si]x(tj ,Xj'].  Using  this  notation  we  obtain  that  the  last  term  in  (3)  is  bounded  by 
C  sup  +ftnm  +cnm ),  where 

m  >n 

anm=E[\ X  X  I  Af(A^)2M(A130A*(Ai2/)l]  , 

«  »'€/,  j’eJj 

bm=E[  IX  I  I  M(A^)2M(A,2v)M(Aiv)l]  , 

i.j  i'el,  j'eJj 

cm=E[  IX  I  I  M(Ai1v)M(A,5-)M(Ailv)M(Aj/)l]  ■ 

ij  i  'e  /,  j'eJj 

We  next  show  that  each  one  of  these  terms  tends  to  zero  when  n  -*»,  uniformly  in  m . 

(i)  By  Davis  inequality  we  obtain 

am<C  E[  %  (  X  W(A,lv)2Af(AjOM(Ai2/))2]1/2 
=  C£[  I  (XW(A^.)M(A2y0  X  M(A/v)2)2]1/2 

j; j'eJj  i  i'eli 

<iC  £[X(  I  M(A?j)2)2  I  JKpAf^O^KpMCA^)2]1'2 

/  <;*'«/.  I'eJ,  1  1 

£ C  £[  swp  IMri-MZil25«p(  X  M(A/7)2)2  X  SUP  M  (A/2-)2] 1/2 

; z ,-z 2 1  s ! p*  I  j  (jj'g/,  j  j’eJj  * 

SC(£[«ip(  X  M (A/'y)2)2]}172 

J  i  ;i '«  /, 

(£[  sup  IMzrWZll4]}1/4  }£(  X  ™?M(4?')2)2}1/4  . 

lr,-Z2ISIp"l  ;;/€yy  * 

where  lpnl  denotes  the  norm  of  p”,  i.e.  Ip"  I  =max{ 
i=0, . . .  ,p„,  y=0 . <?„}• 

By  Doob’s  inequality  applied  to  the  positive  submartingale 

{  X  M(&lj)2,  TUr  j^), . . .  ,qn).  the  first  factor  of  (4)  is  bounded  by 
i  ;i  'e  /, 

C  £(  X  (Af(<V+i,l)-Af (<7,',1))2)2,  and  by  Burkholder’s  inequality  this  is  majorized  by 

i  ;i  '€  /, 


I 
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C  E  (M 11 ).  The  second  factor  of  (4)  tends  to  zero  as  n  — >»»,  by  the  continuity  of  M .  Finally, 


<C  E(Mn)  , 


where  the  last  bound  is  given  by  Lemma  2.2. 

For  we  can  use  the  same  arguments  as  before;  we  now  analyze  the  last  term. 

(ii)  By  Ledoux’  version  of  Davis  inequality  for  two-parameter  discrete  martingales  (see  [6])  we  obtain 


Cnm<,CE  [£  £  £  M  (A/7  )2M  (&?j')2M  (Aii'j  )2M  1/2 

i,7  i'e/,  j'eJ, 

=  c  £[£(  £  M(A/7)2A/( A,]v)2X  £  A/(A^)2A/(A2r)2)]1/2 

i.y  i'e/,  7'€/; 

*  c  E[(  sup  IA/7  l2)2£(  £  M(A/7)2)(  £  M(A2-)2)]1/2 

i,7  i'e/,-  7 'e J j 

ZC  E[  sup  \MzrM22\\^sup  £M(A/V)2)s«p  £  M(A7-)2]1/2 

1 2 1— z 2 1  —  l P"  I  i  J  i'e/,-  ‘  j ,j'eJl 

ZC{E[  sup  \M2i-MZ2\*])v2 

I  Zl— 1  S  I  p"  I 

£M(A117)2]2}1/4  {£[5apl  £  M (A,2-)2)2] } 1/4 

I  J  i'eli  ‘ 


<xC[E[  sup 

IZl-Z2l<lp"  I 


\M,rMZl 


l4]}1/2{£(M 


n 


)} 


1/2 


where  the  last  bound  is  obtained,  as  in  (i),  by  Lemma  2.2,  and  Doob’s  and  Burkholder  inequalities. 

□ 

In  [9]  it  is  shown  that  the  quadratic  variation  of  the  martingale  M  can  be  obtained  as  the  L  ’-limit  of 
the  sums 

£  M  (A,’  )2M  (A(2)2  . 

(<\7)e/,* 

Our  Proposition  2.3  provides  another  way  of  looking  at  the  measure  [ M ],  and  shows  that,  if  M  is  of  path 
independent  variation  then  [M\  =  [M  ]  *  [M  ]. 

Using  the  notation  of  Lemma  2.1,  [M]z  =  <Mx  >y  *  <M  y  >x.  The  martingale  property  and  the 
techniques  of  martingale  theory  have  played  a  basic  role.  Notice  that  it  is  not  clear  from  the  point  of  view 
of  real  analysis  if  <MX  >y  *  <M  y  >x  exists,  and  defines  a  measure. 


1 


f 


t 
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We  end  this  Section  by  giving  some  examples.  The  aim  is  to  suggest  what  kind  of  relations  of  abso¬ 
lute  continuity  may  be  expected  for  the  different  quadratic  variations  associated  with  a  two-parameter  con¬ 
tinuous  martingale  M  e  mc4. 

Example  2.1.  Fix  0<z  j<Z2<(s  ,t),  and  consider  the  strong  martingale 

—  |  ^  [r  1.2  i]e  )^vvz  » 

K 

where  (w?,  Z&R  2  }  is  a  Brownian  sheet.  We  obviously  have  [Af  ]([Zj,Z2])=0.  On  the  other  hand,  for 

a  strong  martingale  Mst  =  J  <j)(z  )dwz  we  obtain 
R« 

[M]st  =  J  C  J  <j>(u  ,T)2§(o,v)2dodi)dudv  . 

Ru  R*  v 

It  follows  that,  if  Zj=(x  hy  j),  z1-{x1,y2)  and  <>=l[2i  Z2j< . 

[M]([z1,z2])=  f  fy1J:1r/t«iv  =  )»1x1(x2-JC1)(y2->,i)  • 

-*!  yi 

Consequently  [M]  is  not  absolutely  continuous  with  respect  to  [M]. 

Example  2.2.  Let  { ntu ,  u  e  [0, 1  ] }  be  a  continuous  martingale,  bounded  in  L  4,  m0  =0,  with  respect  to 
some  filtration  [Qu,  M€[0,1]}  that  satisfies  the  usual  conditions.  For  each  ( s,t)eT ,  define 
Mst  =ms/\t  and  J  $  ~Q  s  a,  .  It  is  easy  to  check  that  { 7st ,  (s  ,t  )e  T }  is  an  increasing  family  of  a-fields 
satisfying  properties  (FI)  to  (F4)  of  [2],  and  (Mst  ;  Ta,  (s,t)eT)  is  a  continuous  two-parameter 
strong  martingale. 

Moreover,  AfeO  and  consequently  [A/]=0.  However  M  *0  and  the  quadratic  variation  [M  ]  is  a 
continuous  measure  which  exists  in  the  diagonal  of  T .  In  fact,  let  { A,y ,  i  ,j= 0,  •  .  •  ,pn  }  be  the  dyadic 
partition  of  T,  ]x(fj\r"+1  ] 

[M]n=Ll  -  lim  Z.M (A*)2 
n  «•> 

=  L 1  -  lim  £  M  (A[j)2  =  L 1  -  lim  -  ms,)2  =  <m>x  . 

n  J  n  : 


I 
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This  last  example  shows  that  [M  ]  is  not  absolutely  continuous  with  respect  to  [M]  and  neither  with 
respect  to  [M\  *  [A/].  The  fact  that  the  support  of  [M]  is  a  set  of  planar  Lebesgue  measure  zero  seems 
to  be  the  reason  for  this  unexpected  result.  However  we  will  see  in  Section  4  that  [M  ]  *  [M  ]  dominates 
[M  ]  if  the  support  of  the  latter  measure  is  not  "highly  concentrated”. 

3.  One-Dimensional  Results 

In  this  Section  we  consider  the  measures  induced  by  <MS .  >,  (resp.  <M  ,t  >s )  and  [M  ]  on  verti¬ 
cal  (resp.  horizontal)  lines. 

The  relation  [M  ]sd!  «  <Ms>dl,  a.s.  does  not  hold.  In  fact,  consider  the  process  defined  by 
Ba=Bs  B,  >  where  {Bs  ,  S€[0,1]}  and  [B{  ,  re  [0,1]}  are  two  independent  Brownian  motions. 

Let  S~inf{s  >  B^=0};5  is  a  stopping  time,  and  for  any  s  >  y  B{y  <S<s  }>0.  Define  a 

two-parameter  continuous  martingale  by  Ma  =BJ1/\j  B,2.  Then: 

<Ms  >dt  =  (B  X)}\ sdt,  [M]sdt  =  <B  l>s/\sdt  . 

Therefore,  for  any  fixed  s  >  y  and  for  any  ^e®(R,.),  \A  I  *0,  f<Ms  >dt= 0  and 

2  4  /t 

with  positive  probability. 

The  following  lemma  is  an  extension  of  a  well  known  result  in  martingale  theory  (cf.  [5]). 

Lemma  3.1.  Let  M  6  m2.  M  and  [M  ]  have  the  same  rectangles  of  constancy,  almost  surely. 

Proof.  It  is  very  similar  as  in  the  one-parameter  case.  For  the  sake  of  completeness  we  will  give  the 
details. 

Since  M  is  continuous  it  is  enough  to  prove  that  for  any  fixed  z  j<z 3,  a.s., 

(w,  M  (w)(A)  =  0,  for  any  rectangle  A  c  [zj,z2]) 

=  (w,  (A/](w)(A)  =  0,  for  any  rectangle  A  c  [zi,z2]}. 

One  inclusion  is  trivial.  In  fact,  if  M(A)=0  for  every  A  C  [z  j,z2],  then 
[A/]([Zl,z2])  =  lim  ZA/(A(( )  =0,  where  the  sum  extends  over  an  increasing  sequence  of  grids  of 

n  1 

[Zj,z  2]  whose  norm  tends  to  zero,  and  the  limit  can  be  taken  a.s. 
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To  obtain  the  other  inclusion,  define  D  =  {z£zlt  zeT ,  [M]j=[Af  ]2i}.  D  is  a  predictable 
stopping  set,  and  for  any  z  >z  t  we  have 


£(JlD(a)dA/a)2  =  £|lD(a)d[M]ot  =  0 

R,  R, 

Hence  M(R.  PiZ))  =  0,  as.,  and  this  finishes  the  proof. 


□ 


An  easy  consequence  of  this  lemma  is  the  absolute  continuity  of  <Ms>dt  with  respect  to  [M\sdt 
on  the  algebra  generated  by  intervals. 

Proposition  3 2.  For  any  interval  /  for  which  J[A/]i^=0,  it  holds  that  a.s. 

/  / 

Proof.  Assume  that  this  property  does  not  hold.  That  means,  for  a  set  £  eft,  with  P{F)> 0  it  is  possi¬ 
ble  to  find  intervals  Iw ,  such  that  \[M}sdt{w)=Q,  but  j  <Ms>dl{w)*0.  Umma  3.1  shows  that  this 

/„  L 

is  not  possible.  Indeed,  (we  omit  the  dependence  on  w ). 

0--|[MU=[M]([0;]x/)  , 

/ 

therefore  M  (A)=0,  for  any  rectangle  A  C  [0,5  ]x/ ,  in  particular  M  (A)=0  for  any 
A=[0, 5]x[r",  fjVj  ], where  {fj\  y'  =  l,  is  a  partition  of/.  Hence  <Ms>(I)=0.  j_| 

We  do  not  know  if  <Ms  >dl  «[M  ]sds ,  a.s.,  in  general.  However  we  will  see  at  the  end  of  this 
Section  that  it  is  possible  to  prove  this  property  for  some  classes  of  martingales. 

The  next  Proposition  shows  that  <Ms>dt  is  weakly  absolute  continuous  with  respect  to  [M  ]sdt  in 
the  sense  given  by  Definition  1.2. 


Proposition  3.3.  For  any  s  e  [0,1]  and/  :  [0,1]— > R+  measurable  and  bounded  function 

l  1 

c(t)<Ms>d,  *0, 

o 


P{[f{t)<Ms>dt  *0,  j/(f)[MU=0}=0  . 

o  o 


(5) 


I 


I 
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Proof.  Fix  re  [0,1];  the  process  {N^<MS>,—  [M]st,  se[0,l]}  is  a  continuous  martingale,  and  its 
quadratic  variation  satisfies 

<N‘  >s  <  [M]st  mp^  <Ms-> ,  .  (6) 

Indeed,  Nls  can  be  obtained  as  the  L  '-limit  of  a  sequence  £A/  (A  2  )M  (Ay ),  where  the  sum  is  extended 

‘J 

to  the  points  (S,  ,tj )e  pn ,  (s,  ,tj)<(s  ,t ).  This  gives  the  martingale  property.  In  order  to  prove  (6)  we 
use  Lemma  2.1  of  [10].  Let  p”  =R "  x/?  £ .  where  /?"  and  are  partitions  of  [0,1]  determined  by 
0=5o  <5  j  <  •  •  •  <J_  <1  and  0=ro  <t  [<  •  *  •  <  r?i_  <  1 ,  respectively,  whose  norms  tend  to  zero  as 
n—¥°°.  Then 

<N‘>S  =  P-  lim  £(£Af(Ay)A*(A?))2  , 

n~*~  <  i 

where  the  £  (resp.  £)  extends  on  indexes  i  (resp.  j  )  such  that  5,  <s  (resp.  tj<t).  Therefore 
‘  j 

<N‘>S  <P  -  lim  I(XA/(A,.)2)(£Af(A?)2)</>  -  lim  (Ay  )2)(«<p  £M(Aj )2) 

n  — .  j  j  n“»“  i,y  »  , 

<  sup  <M,-  > 1  [Af]„  . 

From  this  result  it  easily  follows  that,  if  / :  [0,1]— »R+  is  a  step  function,  the  process 
1  1 

[N/  =  |/(  l)<Ms>dt  -  J f  (l  )[M  ]sdt,  s  6  [0, 1] )  is  a  continuous  martingale,  and 
0  0 

1 

<Nf  >s  <,([f  (tXM]^)  sup  <Ms’.>i  . 

Q  0^5  <s 

1  1 

Since  { jf  (t)<Ms>dt* 0,  jf  (t)[M]s</l=0)  is  included  in  the  set  (A//*0,  <N^  >s=0},  the 
0  0 

property  (5)  holds  if/  is  a  step  function. 

Let  / :  [0,1]— »R+  be  a  measurable,  bounded  function,  and  cons;der  an  increasing  sequence  of 

positive  step  functions  (fn )  converging  to  / .  Denote  by  A  the  set 
l  1  1 

{jf  (t)<Ms  >dt*0>  j/(f  )[M ]jd(=0}-  On  A  ,  j/n(f)[W]«t{=0.  for  any  nSO,  and  consequently 
0  0  0 

1 

f/n  (t)<Ms  >4,  =0,  for  any  n  £0  a.s.  Therefore  P  (A  )^). 

0 


Let  us  now  consider  two-parameter  martingales  with  respect  to  the  following  nitrations: 
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(a)  [Tz,  2  €  T  }  generated  by  a  Brownian  sheet  { wz ,  z  €  T  } 

(b)  { J2 ,  ze  7  }  a  product  filtration  7Z=7}  V  J2,  z  =(jt  ,y ),  where  f  7*',  xe  [0,1]}  (resp. 

( 7y,  y  s  [0, 1  ] } )  is  generated  by  an  n  -dimensional  (resp.  m  -dimensional)  Brownian  motion 
[Bs=(Bs\...,Bsn),  js[0,1]}  (resp.  {Bt=(B}, . . .  ,B™),  re  [0,1]}),  R  cW  g  . 

These  processes  will  be  called  Brownian  and  bi-Brownian  martingales,  respectively. 

Given  two  random  finite  measures  JJ.  and  V  on  ([0,1],  3  ([0,1]))  we  can  define  on 
$([0,1])  0  7  two  measures,  |i  and  V,  by 

l  l 

\L{F)  =  E(jlFd\i),  v(F)  =  E(jlFdv)  , 

0  0 

for  any  F  e  $  ([0,1])  0  7  ■  Because  of  the  right-continuity  of  the  distribution  functions  of  pi  and  V,  the 
property  |i«V,  a.s.,  is  equivalent  to  (I  «  V  on  $([0,1])  0  7 . 

y  y 

Denote  by  m„  (resp.  mgg )  the  class  of  two-parameter  Brownian  (resp.  bi-Brownian)  martingales, 
null  on  the  axes  and  bounded  in  L  2 . 

Proposition  3.4.  The  property  <MS  >dt«[M\sdt  a.s.  holds  for  martingales  in  the  classes  m2  and 
mBB  ■ 

Proof.  We  first  recall  the  representation  theorems. 

y 

(i)  Wong-Zakai  representation  ([  1 3]).  Every  M  e  mj  can  be  expressed  as 

Mst  =  1 dwz  jj  \f(z\z')dwtdwz-  , 

Rm  Rtt  xRt 

where  0  is  a  measurable  and  adapted  process  such  that  E  f  <?2dz  <«>,  for  any  z0  e  R  2  ,  and  \j/  is 

a  measurable  and  7 z  y2-  -  adapted  process,  null  except  on  the  set  D  ={  (z  ,z  ')e  R2,  z  =(x  ,y ), 
z  '=(jc  \y '),  x<x\  y>y'},  such  that  E  jj  \\r(z  ,z  ')2dzdz  '<=»,  for  any  zQ  e  R+2 

Ri,yRt, 

y 

(ii)  Every  M  €  mgg  can  be  represented  as 

Ms,  =  i  I  hijOctWidBj  , 

«=i>=i 

where  htJ  are  measurable  and  adapted  processes  such  that  E  (  j  h2(x  ,y  )<irr/y  )<°»,  for  any 


I 
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r0sR+2(see  [3]). 

Let  M e  mj.  The  quadratic  variation  of  M  is  [M ]st-  j  g  (u  ,v)dud v,  with 

Ku 

g  ( u  ,v)  =  4>2(m  ,v)  +  J  \j^(*  ,v;«  ,y  )dxdy  , 

RM¥ 

t 

and  <Ms  >t  =  jh  ( s  y)d  v,  where 
0 


h  (s  ,v)  =  J(<J>(m  ,v)  +  J  \y(w  ,v;z  V>v2  . 
o 

1 

Let  F  be  a  set  of  ®([0,1])  ®  such  that  E  (Jl/r  (w  ,r  )[M  )=0;  we  have,  using  Fubini’s 

0 

theorem, 

1  r 

j(j(jg(u,t)du)dP)dt  =0  , 

Of,  0 

where  F,  denotes  the  section  of  F  through  f .  Therefore,  for  all  t ,  a.e.,  such  that  P  ( Ft  )>0,  w  -  a  s.  on 
F,  we  have  0(«  ,r  )=0  and  y(.r  ,r ;« ,>  )=0,  for  aO  u  6  [0, 1  ],  a.e.  and  for  all  ( X  ,y  )e  ,  a.e. 

The  conditions  on  \j/  can  be  expressed  in  an  alternative  way,  using  again  Fubini’s  theorem:  For  all  t , 
a.e.,  such  that  P  (F,  )>0,  w  -  a.s.  on  F,  we  have  ,t\u  ,y  )=0,  for  all  X€  [0,j  ]  a.e.  and  for  all 
(u,y)e  [x,5 ]x[0,r],a.e.  Then, 

l  s 

jdP<Ms>dt  =jdtjdP(j(<$>(u,:)+  j  \\i(u,t\z')dwz’)2du) 
f  o  F,  o  Ru 

1  r  s  t 

=  jdt  j  dP  (|(<J>(«  ,0  +  J  JV(«  ,t  ;z  ')dwz  .)2du 

0  F,  0  u  0 

1  s  st 

=  JdrjdP(  j(<t>(u  ,t )  +  J  jV(x  ,t  ;z  ')dwz -)2dx  =0  , 

0  F,  0  xO 

due  to  the  local  property  of  stochastic  integrals. 

a 

The  proof  for  Menigg  follows  the  same  lines.  If  we  restrict  ourselves  to  the  case  n=m= 1  we 


have 
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5 

[ M]sdt  =(jh(u,t)2du)dt  , 
o 

S 

<M$>dt=( jh(u,t)dBu)2dt  . 
o 

The  simple  form  of  this  measure  makes  computations  easier  than  in  the  Brownian  case. 

4.  Two-Dimensional  Results 


□ 


The  main  purpose  of  this  Section  is  to  analyze  in  what  cases  [Af  ]  is  dominated  by  [Af].  Under  some 
hypotheses  on  [Af  ]  it  is  proved  that  the  class  of  path  independent  variation  martingales  satisfy  the  property 
[Af  ]«[Af],  a.s.  The  measure  [Af  ]  *  [Af  ]  introduced  in  Section  2  plays  an  important  role.  In  several 
cases  it  dominates  [Af] .  but  we  do  not  know  if  they  are  equivalent 

In  Section  2  we  have  given  an  example  of  strong  martingale  for  which  [Af  ]  is  not  absolutely  con¬ 
tinuous  with  respect  to  [Af]  a.s.  In  this  example  [Af  ]  has  a  special  feature:  It  lives  on  a  subset  of  T  of 
zero  planar  Lebesgue  measure.  We  conjecture  that  with  some  non-degeneracy  hypothesis  on  [Af  ],  it 
should  be  absolutely  continuous  with  respect  to  [Af].  The  next  proposition  is  a  partial  result  in  this  direc¬ 
tion. 
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Notice  that  )=0,  and  if  (s  ,t)eAi,  for  any  s  '<s  such  that  (s  \t  )e  A  we  have  (s  \t  )e  A  j 

(and  also  an  analogue  property  for  A2).  Using  Fubini’s  theorem  we  obtain  [M](A  j)=(M](A  2)=0,  and 
consequently  [M](A  )=0.  ^ 

The  hypothesis  on  [M]  in  the  preceding  Proposition  is  obviously  satisfied  if  for  any  A  e  '3(7')  such 
that  [M  ](A  )*0,  there  exists  a  rectangle  R  <zA  such  that  [M  ](/?  )*0. 

Corollary  4.2.  Let  M  €  mc4  be  a  path  independent  martingale  satisfying  the  hypothesis  of  Proposition  4.1, 
then  [A/]«[A/]. 


□ 


Proof.  Use  Proposition  2.3. 

Notice  that  we  cannot  expect  [M]  *  [M]«[M],  a.s.  Example  2.1  provides  a  counterexample. 

The  second  part  of  this  Section  gives  a  partial  result  on  the  absolute  continuity  of  [Af]  with  respect  to 

Lemma  4J.  Let  /  :  T  — »R  be  a  bounded  function,  and  F :  T  — »R  a  continuous  distribution  function. 
We  have 

lim  I  2  / (Si ,tj )[F (A,) )F (A* )-(F  *  F )(A,. )]  I  =0  . 

Proof.  In  order  to  simplify  the  notations  we  take  z= 1.  Let  m  In ;  given  a  point  (s,  )e  p" ,  we  define 
(0;',T;')epm  n  (5'l+1,r;+i))}.  By  Lemma 2.1.  we  have 

I U  (Jt  ,tj  )[F  (A f}  )F  (A fj)  -  (F  *  F  )(Aiy )]  I 


=  '2f(Si,tj)lF(At))F(Ah-  lim  £  F(A(lr)F(A^,.)]  I 

-  SUP  ( 1 27,;  [(  x  F  (A,v))(  £  F (A*.))  -  2  F (A^OF (A,y)J  I )  , 

min  i.j  i'eli  j’eJ,  (i\/)e/* 


(7) 


where  /i;  =/  (5,  ,fy ),  and  we  have  used  the  notations  of  Proposition  2.3. 

Define  A,}4y  and  A  by  A,1-  .=A/>y  fj  A,’,^-  and  A,-; «=A,y -uA ,y, •,  respectively.  Taking 

account  of  this  decomposition  we  obtain  that  (7)  is  bounded  by  sup  (Ot^,  +(3^,  4-y^, ),  where 

m2n 
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amn  =  I  Z/v  Z  F(ZljiT)F^j)\  , 

*J  (i ’ 

ftnn-IZfy  Z  /',(AA.v.)F(A?.)I  . 

<J  (i " 

Y*n=  'Zfy  Z  F(A(},r)F  (%,-.)  I  • 

‘  J  (*'./)€/, 7 

We  next  prove  that  each  one  of  these  terms  tends  to  zero  when  «  — ►«,  uniformly  in  m 

^  ^(Z^Z^(^r)Zf(V7) 

»\/  *  >'  «' 

SC  £F(Al7)F(A,})<C  sup  \F(z2)-F(zl)\F(z)  -»  0  . 

Izx-Z|l^lpal  n— ►— 

In  an  analogue  way,  sup  P^,  — )  0.  Finally 

m  2n  n— *«• 


Ymn  ^  Z  Z  supF (Zijj-j')  1/ (A.yiy) 

».y 1  «' 

IF(z2)-F(z1)IF(z)  -»  0. 

ij  i*i-iiisip*i  | — [ 

Proposition  4.4.  Assume  that  <MS  >dl  and  <M  t  >ds  are  absolutely  continuous,  a.s.,  with  respect  to 
[M  ]sdl  and  [ M  ,  and  that  there  exist  versions  of  their  Radon-Nykodim  derivatives  t^Cs  ,t ),  <J>2(5  ,t ) 
which  are  jointly  continuous,  a.s.  Then  [/Vf] « [M  ]  *  [M  ],  a.s.,  and 

[M]t  =  j  <J> ! (x  ,y  )02(jc  ,y  )d ([M  ]  *  [Af  ])(*  ,y )  ,a. s. 


Proof.  Take  z  =(  1 , 1 ).  By  Proposition  2.3  and  the  hypothesis  on  absolute  continuity  we  have 
[A?]u  =  lim  I«A/,r>^I  -  <MS..>,.)(<M >Sj  l  -  ) 


=  lim  £(  J  0i(5,,v)[M]J|<<v)(  j  ^2(u,tj)[M]diai)  (8) 

"  ij 

=  lim  4j )HSi  Jj )[M  1(4} )[M  ](A?)  , 

n  »•; 

where  the  last  equality  follows  from  the  continuity  of  $i,$2  and  [M]  in  its  two  variables.  Using  Lemma 
4.3,  we  obtain  that  (8)  is  equal  to 

lim  2>i(5,  ,tj  )<) )2(Si  ,tj  )([M  ]  *  [M  ])(A,y ) 

"  ‘J 

=  J  (0i  <h)(*  J  )d([M]*  [M  ])(*  ,y )  . 
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5.  Application  to  Local  Time 

We  have  pointed  out  in  the  Introduction  that  one  of  the  motivations  of  this  work  has  been  the  prob¬ 
lem  of  finding  out  what  measure  is  the  most  "natural"  for  the  purpose  of  defining  local  time  for  two- 
parameter  continuous  martingales.  This  Section  is  devoted  to  giving  an  answer  to  this  question. 

We  start  introducing  some  terminology.  Let  [xt ,  t  £  T }  be  a  real  valued  stochastic  process  defined 
on  a  probability  space  {Q.,7  J* ).  Let  Tbe  a  (J-field  on  T ,  and  X  a  finite  (possibly  random)  measure. 

Following  [4],  a  map  L :  QxRxT— »R  is  called  a  local  time  for  jc  with  respect  to  T  if  the  follow¬ 
ing  conditions  hold: 

(i)  For  each  A  e  T,  the  function  (w  jc  )—*L  (w  jc  A  )  is  7  ®  'B(R)  measurable. 

(ii)  For  every  (iv  JC  )e  QxR,  the  function  A  —*L  (w  jc  A  )  is  a  finite  measure  on  T. 

(iii)  For  almost  every  w ,  we  have 

J \f  (x  )L(wjcA)dx  =  jf  (xs  )x(ds )  ,  f9) 

R  A 

for  each  /  :  R— >R  bounded,  Borel  function,  and  every  A  e  T. 

In  the  following  we  will  omit  the  dependence  of  L  on  w ,  for  the  sake  of  simplicity. 


Lemma  5.1.  For  almost  every  iv ,  we  have 

j  4>Cc  ,u  )L  (x  ,du  )dx  =  J  <K*U  ,u  )x(du )  , 

RxT  T 

for  any  <J>:  RxT  — >R  measurable  and  bounded  function. 


(10) 


Proof.  Let  $(*  ,m  )=/  (a  )  (u ),  where  / :  R— »R  is  measurable  and  bounded,  and  A  e  T;  then 

jf  (xu )  1*  (u  )x(du )  =  Jf(x  )L  ( x  A  )dx 

T  R 

=  j  f  (x)lA(u)L(x,du)dx  . 

RxT 

The  general  case  follows  by  a  monotone  class  argument. 


□ 


Remarks. 


(1)  The  equality  (10)  also  holds  forO:  Rx7"  — >R  measurable  and  positive. 


(2)  The  property  (9)  means  that  the  distribution  function  of  L  (x ,)  is  the  density,  with  respect  to  the 
Lebesgue  measure  of  the  X-measure  of  sojourn  time  of  the  process  X  on  Borel  sets. 

The  following  Proposition  is  an  easy  consequence  of  the  definition  of  local  time. 


Lemma  5.2.  Let  Xj,X2  be  two  finite  measures  on  the  parameter  space  ( 7\T ).  Assume  that  the  local  time 
of  x  with  respect  to  X2  exists,  and  denote  it  by  L2,  then  we  have: 
dX  i 

ti  «t2  a.s.,  and  — — (m  )  =  <j)(u )  a.e.  if  and  only  if,  for  any  X  a.e.  (with  respect  to  the  Lebesgue  meas- 
a  X2 

ure  on  R)  there  exist  the  local  time  of  X  with  respect  to  TjX  1,  and 

Ll(xA)  =  j$(u)L2(x,du)  ,a.s.  (U) 


Proof.  By  Lemma  5.1  we  have 

J<j>(«  )x2(du )  =  j  <$>(u)L2(x  ,du)dx  ,a.s. 

T  R xT 

In  order  to  see  that  (11)  defines  the  local  time  of  X  with  respect  to  Xj,  take  /  :  R— »R  measurable 
and  bounded.  Then 

jf  (x  )L  j(x  A  )dx  =  J  /  (x  )<J>(m  )L2(x  ,du  )dx 

R  R  xA 

=  jf  (xu  )4>(u  )x2(du )  .by  Lemma  5. 1 

A 

=  jf  (xjxfdu)  .a.s. 

A 

Reciprocally, 

XjM )  =  jLfxA)dx  =  j  $(u)L2(x ,du)dx  =  j0(«)x2(rf«)  ,a.s. 

R  RxA  A 

and  therefore  X  [ «  X2,  a.s.  ^ 

For  any  martingale  Memc4  there  are  two  non-trivial  measures,  [M]  and  [A/],  associated  in  a 
natural  way  (see  e.g.  [2],  [3],  [8]  ).  Using  an  Ito's  formula  for  two-parameter  continuous  martingales, 
Nualart  has  proved  the  existence  of  a  local  time  for  M  with  respect  to  [A/].  On  the  other  hand  there  exist 
several  results  on  the  existence  of  a  local  time  for  M  with  respect  to  [ M  ]  (see  e.g.  [12],  [1]  for  the 
Brownian  sheet,  and  [  1 1  ]  for  a  certain  class  of  martingales). 
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Example  2.2.  shows  the  existence  of  a  non-zero  continuous  martingale  such  that  M= 0.  In  view  of 
this  example  it  seems  that  [ M]  may  not  be  a  "good”  measure  in  order  to  describe  the  time  expended  by  M 
on  a  certain  set.  Looking  at  example  2.1.,  an  analogue  conclusion  can  be  obtained  for  the  measure  [M  ]. 

These  considerations  lead  us  to  propose  [M  ]+[M]  as  a  natural  measure  to  define  the  local  time  of 
M .  We  will  give  the  precise  definition,  and  discuss  the  different  role  of  [M  ]  and  [ M ]. 

Theorem  2.1  of  [9]  (see  also  [3])  establishes  the  following  Ito  formula:  If  /  :  R— >R  is  a  C4-class 
function,  and  M  €  /nc4,  then  for  any  (s  ,t  )e  R^  we  have 

,  * 

/  {Ma )-/  (0)  =  //  \M2  )dM2  +  jf  "{M2  )dM2+±jf  ’\Mn  )d  <M ,  >, 

R„  R.  1  0 

+  jf"(M2)d[M]2  -  j f'"(Mz)d[MM]2  02) 

Z  0  1  R„  Rm 

^  R 

By  means  of  this  formula  the  existence  of  a  process  [Lfajj),  JteR,  (s,r)€R+)  can  be  proved, 
such  that  it  is  jointly  continuous  in  (*  ,s  ,t),  increasing  in  the  sense  of  the  measure,  and  for  almost  every  w 

jf(M2)d[M]2=jLl(x,s,t)f(x)dx,  (13) 

Ra  R 

for  all  bounded  and  Borel  functions  /  ,  and  every  (s  ,t  )e  R+.  (See  theorem  3.2  of  [9]). 


The  idea  of  the  proof  is  the  same  as  in  the  one-parameter  case:  Apply  (12)  to  a  function  g  w  of  class 
C4  and  compact  support,  such  that  it  is  an  approximation  of  l[*,x +£](')•  If  can  be  checked  that 


Li(x,s,t)  =  lim  —  \^{xiM,^)d[M\2 


£ — >0  £  jjj 

exists,  in  the  sense  of  the  convergence  in  probability,  and  that  (13)  is  satisfied. 


In  the  terminology  introduced  at  the  beginning  of  the  Section  L  j  is  the  distribution  function  of  the 
local  lime  of  M  with  respect  to  [M], 

Notice  that,  on  the  set  (w,  [M]w (w )=0 } ,  Lx(x,S,t)  should  be  zero.  Since  there  exist  mar¬ 
tingales  such  that  [M]h0,  but  [M  ]*0,  this  shows  that  the  time  spent  by  M  on  a  certain  set  may  be  not 
detected  by  the  measure  [A/],  although  it  can  be  detected  by  [A/].  Therefore,  it  is  important  to  have  a 
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local  time  with  respect  to  [AY  ],  say  Li.  and  a  "good"  combination  of  L i  and  L2  will  provide  a  reasonable 
measure  of  the  sojourn  time  of  the  martingale  on  Borel  sets. 

Unfortunately,  we  do  not  have  a  general  result  on  the  existence  of  L2  for  any  AY  €  m*,  however  we 
know  that  it  exists  and  has  favorable  properties  for  several  classes  of  martingales  (cf.  references  given 
before). 

Fix  (s,t)eT.  On  the  set  {w,  [AY]fl(w)=0},  L 2(x ,u ,v),(« ,v)€ Ra  can  be  obtained  from 
Ito’s  formula  using  the  same  approach  of  [9].  Indeed,  using  Lemma  3.1  and  the  local  property  of  the  sto¬ 
chastic  integral,  we  get  from  (12) 


[/ (0)]1  =  (  \f’W2)dM2  +~Sjf"(Mut)d<M,>u 

J?„  z  0 

+  |J \f'\M2)d[M]2)-  1,^*0,  . 

1  0  1  R, 

0  w 

Fix  £>0  and  X  e  R  and  consider  a  C  -function  with  compact  support  such  that  g  w  is  an  approximation 

of  —  l[i  jt  +£](')■  Then  it  can  be  shown  that,  in  the  sense  of  the  convergence  in  probability, 

6 

lim—  (  j  1  sa/,  -ht)  I w  k  ) ' 1  {{M]u  =0}=L2(x  ,s  ,t)  exists  and 


e 


L2(xj,t)=  [-2(Ma~xf  +  2(-xT  +  2j  \{mi>x]cIMz 

R. 

1  5  ‘ 

~~[fl(xsMiitzx+e}d <M  f>u+jliX€Mtt£X+e)d <Ms>y]}  1  { =0 j 

E  HJ  v 


(14) 


=  { -2(Mst  -x  )++2(-x  )++2  j  1{mi>x  )dM2  +L (1 5(x  ,s  ,t  )+L  (2)(y  ,i  ,r ) }  •  1  (  [a/]ji=o(  . 

where  L(l)(.t  ,\f ),  L(2)(y,$ ,  )  are  the  local  times  of  the  one-parameter  martingales  M  .,  =  {Mst,  j>0) 

and Ms  =[Mst,  f^O),  respectively. 

» 

Moreover,  L  2  satisfies  the  "density  of  occupation”  formula 

( \f(M2)d[M]2)-  1,^=0)  =(|L 2 (a: ^,f)/(ac)dx)-  1([wl,=o}  >ax 
««  R 


\  —  I  rn.m  oh  ■„  I. 


i 


JL 


Definition  5.3.  The  local  time  of  a  martingale  M  e  m*  is  the  process  [L{x  J  ,t ),  rsR,  (s  ,t)eT) 
given  by 

ZLU,5,r)  =  [L1(jrrs,r)  +  L2(x4,0]  •  1{[W],>0)  JrLi (x,s,t)  . 

Notice  that  L  is  a  local  time  with  respect  to  the  measure  T —[M  ]+[M], 

To  summarize: 

(1)  If  [M]«[M],  a.s.,  there  exists  the  local  time  L  with  respect  to  [M]+[M],  and  it  can  be  expressed 
in  terms  of  L !  (cf.  Lemma  5.2). 

(2)  Assume  [M  ]  [AfJ,  a.s.  On  the  set  { [M]a  =0 } .  L  always  exists  and  is  given  by  (14).  On  the  set 
{[A/]j, >0),  we  know  that  L  exists  for  a  class  of  martingales  on  m*  (see  [11]),  but  we  do  not 
know  about  its  existence  in  general. 

We  end  this  Section  with  an  application  of  local  time  to  an  example  of  two-parameter  continuous 
martingale  for  which  the  measures  [M],  [M]  and  [M  ]  *  [M ]  are  equivalent,  a.s. 

Example.  Let  m-[ms,  s>0},  n={nt,  f>0}  be  two  independent  continuous  martingales,  bounded  in 
L1,  with  respect  to  some  filtrations  if},  5  >0),  {72,  fSO}  respectively.  Consider  the  martingale 
M=[Mst=ms  nt ,  5 ,f >0}  with  respect  to  the  product  filtration  7^-7]  V  j}.  Denote  by 
L^\x  ,S ),  L(2)(j  ,f )  the  local  times  of  m  and  n  with  respect  to  their  respective  quadratic  variations 
<m>,<n>.  We  have  [A/]  =  [M],  a.s. 

Indeed,  for  any  A  6  'B  {R  2  ), 

[<Vf](A  )  =  j  1A  (s  ,t)m2n2d  <m  >sd  <n  >, 

R} 

-  j  ( j  (*  d)m2d  <m  >s)n,2d  <n>, 

R .  R. 

=  J(  J  \A{s  ,t)x2L{l\x,ds)dx)n2d<n  >,  ,  by  (10) 

R .  R  yJt. 

=  |  j  \A(s ,t)x2y2L<'l\x,ds)L(2)(y  ,dt)dxdy  . 

R*R} 

By  analogue  computations 
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[M\(A)=  \  j  lA(s ,t)L(l)(x,ds)Li2)(y,dt)dxdy  , 

and  consequently  the  equivalence  between  [M  ]  and  [M\.  The  equivalence  between  [M]  and  [M  ]  *  [M  ] 
is  immediate. 
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